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16.8  StoKes' Theorem

Higher dimensional version of Green's Theorem

*Green’s Thm relates a double in*eﬂral over a plane reﬂion D to a line m{egral around s plane
boundarﬂ curve .

* Stokes Thm relates a surface mieﬂra\ over a surface 5 Yo a line m}eﬂml around the
boundary of S (which is a space curve ).

The onentation oj § induces the positive_ovientation af the
boundarg curve C . If you walK in the Posih've direchon
c around C with your head Poinﬁnj in the direch‘anaf
. \

N, then the sutjace will be on your Ieﬁ.

3>

StoKes' Theorem
let S be an oriented pn'ecewise-smoo’rh surface that 15 bounded bﬂ a simple closed curve

C w posihve orientation . let F be a veclor fielo\ whose componenis have continuous
partial derivatives on an open region in R that contains 5. Then,

Il?.d? - “curlidg

S

(o)

Since, Jl—:'.d? i F'-T’ ds and chrl?.dg - ”curl?.a ds

¢ ¢ S s

So Stokes' Theorem says that the line vm‘ejm\ around the boundavj curve § oj the
iungem‘ia| comPonent oj Fis equal fo the sutjace inlegra\ over S oj the normal component

oj the curlcd?.

05 = posih'velﬂ onened boundavj curve o_fonenied surface S .
Then, ” wrl F.dS :J F.dr

S 2%
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Ex Use SloKes theorem to evaluate IF.A? where

F(x,g,z) - (x+ﬂl\? +l3+22)j +c(2+x’)a and C 15 the

hianﬂle w/ vertices (1,0,0), (0,1,0) and (0,0,1) oriented counterclocKwise
when viewed from above .

Soln
We could compuh JF.d'r’ dnrecHa, but 1f’s easier

fo evaluale ¢

usina GtoKes' Theorem

A
e arllF)L Y Tk
L3 % | --at-ad-yh
oxX 0 z = =dZl -dXT -
y = P-4

x+3’ 3+22 Z4X

You con create man surfaces with boundarﬂ C, but the casiest one is the part of the
plane enclosed by the triangle, and since we know the intercepls,
the plane has equaﬁon ;:_,,_li,, 1'1:'_ =1 > x+yez = 1.
1
S our surjace 5 is given bﬂ z=1-x-y, x20,420,2>0.
For the onentation,, if we orient § upward, then C has induced posihve orientation.

The pmJeCHon D of S onlo the %y -plane is given l’ﬂ D= f(x,ﬂ) |0¢xe 1,043 < 1-x]

xy) = l-x-y = _-1,93_-1.
q 5\ I 4 %_ %}

Then, IF-J? = ”curl F.d5 . ”(-sz—axj\-ﬂ ﬁ)dé’ . H [- (-d2) ('1)-(-370(‘1)-93]%
c D

[[-pog_a2g. R
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X

- Ul 1 1
. H -Q(I-x-ﬂ)-éx -Qﬂ djdx;-[ [ d dﬂ dx =-I(3-2x)dx ='[3x -x’]o =-{

——

Ex Use SloKess Thm 4o comPu}e fcurl F. 48  whee F(x.g,z) =xz 1 +523 +X5£ and
S is part aI the sphere S x’+3’+ #2235 that lies inside the cjh’nder x’+H’= q.
and above the xﬂ-plane.

To aPPlj Slokes Theorem, we need 1o find the
boundary curve .

To do that solve x’+3’+z’=&5 and "2*32 =q
and we ﬂe{ 2216 » 2=4 (Since 2 0).

Then C is the circle ﬂiven b}j equahbns x’+32=q and 214,
A veclor equah'on J‘or C thenis T() =< 3cost, Isint , 4> , 0¢t<dn

T'(t) = {-3sint, 3c0st,0 >
*F(F(1) = <Iost, 12sint, Gcostsint >

Then by Siokes" Theorem,
In an

”cua?.a's’ =[F’.J? . [F(r(m.?'(t)dt . [-—aecos{sint +36sintcost dt = O

) c 0

RemarK  |n above example we onlj used values aj F on the boundag curve C, 4 comPu*e

the surface l'nieﬂral .

This means that ij we have another oriented sulface w| same boundary curve C ,then we 3el:

the same value for the surface in’reﬂral.
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In general, f 51,9, are surfaces w/ same oriented boundar_ul curve C and both sah'sfﬂ the
hypothesis oj Stokes' theorem . Then ,

”wdf.ag : ]F.a? ”l F.43

Sl ¢ SJ

. Useful when 1t is diﬁicuH ) inlegraie over one surface but easier on the other .

Ex
|maau'ne 0 fluia\ j\owinj s\eaa\ilﬂ ’rhroujh surjace S, Let 7(x.3.z) be the Velocihj veclor

O} (v} Pom*: (X)H)z\.

Then V assiﬂns fo each Point (X»lj,z) in a domain E , a veclor m K.

1 -

o The speed at any Pomt 15 gen bﬂ
the Ienﬂﬂn of the arrow.

%&

Now we want o use StoKes' Theorem fo shed some Iiﬂh‘l on the meaninj ofcurl veclor
Suppose  C s an oriented closed curve and V represenis the veloci}j J[ielo\ in fluio\ jlow.
Consider, IV.d? - IV-TJS where V.T is the componenf of V in the direction of

c c

the unit ianaen{ veclor T .

This means that the closer the direchon of V 15 to the direction of _T’, the larger the value

oj V.T is.

Thus [V.d7 is a measure oj the ’rena‘encj of the fluu'd to move around C and 15 called
c the circulahion aj V aound C.
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GO

I >0 , positive J v.ar< 0, negahve

airculotion arculotion

* Now let Po(xo,ﬂo,lo) be a Poini in the jluio\ and Sy be o small disc w) radius a and
center By

Then jor any poin{ Pin Sa, (curl F)IP) w(curl?)(Po) ( As curl F s confinuous )
Then bj StoKes' Theorem s

]v.ar ] H(an).aé’ ] ” wl? . hdS = Hml VIPo) . 2(P) d5 - curl ¥(R) . D (B) na®
(a Sa [ Sa
The oPproxima’ﬂ'on becomes helter as a =0 and we have

al TP 5 - lim L [ a0
a-»0 na’
Ca

It shows that curl V.1 is o measure oj the roiah'nﬂ eﬁeci of the flud about axis n.
The curln'nﬂ eﬁecl i5 greaies{ about the axis parallel to curve V.

b i F is a vector field defined on all of R> whose componen{ junch'ons have confinuous

Parlial denvatives and curl F = 0, then F is conservative.

Pr_oqf_ Recall © T is conservahive ii and onlﬂ if [?.d? =0 for every closed path C.

c
*

Qiven a closed path C, uppose we can fu'mi an orentable surjace S whose boundarj is C.
Then bﬂ StoKes' Thearern

F.d - [[curl F.d5 =”o.d's’ -0
[ 7 “cur |

c S
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169 Divergence Theorem

Recall  We rewrole Greens Theorem in Veclor form as :

[?a ds . ” div F(x.g) dA , where C is the posi’n've!ﬂ oriented bouno\ag curve of

C
the plane region D.

Wonl 1o extend this o veclor f:‘elds over R

Dejmnhon A region E which is simulianeouslﬂ oj ijpes 1,dand 3 is called a simple_sold region.

The boundarﬂ oj E is a closed surface and the posﬂive outward orienfation .

The Dive%ence Theorem

let E be a snmp\e sohd reﬂwn and let 5 be the bounolarj surface of E, Tven with Posnhve
outward orienfation . let F be a vecor fleld whose componen{ junchons have confinuous

partial derivatives on an open  region that contains E .

Then, ”?.A_S' =J“div—F' dv
t

s
* Flux oj F across the boundarﬂ surface of E s equal fo the in'P‘e in*egral of the diverﬂence
oj F over E.

Ex Find the {lux oj ?(x,g,z) - (Lﬂm) over the unit sphere x’+3°+ 22=1
Son divF . (z)+3(3)+ ax=1.
o0z

The unit sphere S is the boundarH of the unit ball Bﬁiven b}j x’+3’+z’£i.
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Then 53 diveraence Theoremj

”?'dg ] mdi"?dv - Jﬂ 1dv -viB)- %n(ﬂa . gl _

s B

* We alreadﬂ Knew this from an exam|>|e In prvs lecture

Ex Compute the flux of F('xﬂ z) =  cosz +x5, xe , smjm z) across the surface 5o j the
solid bounded l)j the paraboloid z - x1+3 and the plane z =4,

Soln div F - (cosz+9(92) + 9 (xe 2) + 2 (smH +xz) =% +3
ax 33 33

Now bﬂdivergence Thm,

ax

4 2
2
[r’rdz drd0 = [ £r3l4-r’)drd9 - 21\[4 %] 3dn
3
o o

0

an

J_’ = (x’+3’)o|V J

C

oL

r?

* We an applﬂ the diverﬂence Theorem not onlﬂ to simple solid wﬂions but 4o regions that

are finiie union of sn’mple sohd reﬂions.

for example , 1f Eis o region £ belween closed surfaces Sy ond 5, , where S, lies inside 5, .

@ The boundary of Eis §=5US,, and s normal o is given by 3=—r';| on S,

\f and 0 =n, on 5,.

Then ayplﬂinj divergence Thm o S, weﬂet

”[dideV =”’F‘.a‘s’ =”?.aa ”F(am +”-F~A s =-ﬂi='.d's’+ [F’.aé’

E 5 S 5 5, 5 5,
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Ex  Spse an electric charﬂe Q is located ot the oriﬂin,
Then accordinj bo Goulumb’s law , the eledric force F(Z) exerted bﬂ +h|s charﬂe located ot
a point (x:y2) w/ position  veclor X = xpzD is FIX) - £aQ % , where € is a constant.

Ix1?

Inslead of considen'nﬂ force F, physicists of’ren consider jorce per unit charﬂe :

ER) - L Flo . 6@ %
9 IxP?

Then  is a vector field on R colled the elechric jie\d of Q.

Use the diverﬂence theorem fo show that the elechic jlux oj 4 Hwouﬂh any closed surjace
that encloses the oriﬂin i5 ”_E’.dg =ineQ
SJ

Soln duffncu\lﬂ here 15 that we dont have an exphcn‘r equahon far 5, because 1t is
any closed surjace enclosmﬂ the onﬂm

The simplest surjace fo work with would be a sphere, 50 let $; be a smal sPhere
w/ radius a and cenfer on'sin (contained inside S,) .

divE . dv EQx £Qy €z
[< (x2+ﬂ W) (X‘2+H +7%) W’ (% ’+3 %,7%)% >]

=3._€_G_1__—+§_ _EG—H—-———.Q..a_ _EQE____
Py (x2+32+zz)3/3 39 (x2+32+22)3/3 oz (X2+32+22)3/2

= €Q -é\x%g’»fz" + -«3\3’+x’+z2 + - 32+ oy =0
(9(’+52+z’)‘5’3l (x’+5’+2’)5/1 (x’+3’+2’)5’1
Then 0=-H's’.a's’+ ”E.aé’ =>”E‘.a§ =”Ea‘s*
S, 5 5, 3
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Now we can compute the surface m*eﬂral over 5, .

nat X s X
H
En. €0 %.(Z) - €8 IX°. €8 . €9 (Since S, is qiven by IX1=a)
wP i %] e a?
Then,
”E.aé’ =Hf.aé’ ,”’E‘.a 55 . Hg@ &5 . gg_”as - €8 . 4n(a?) = 4n€Q
a? a? a2
S, h $ 5, )

Ancther application of Divergence Theorem occurs in fluid flow . Let V(nyz) be the velocu}ﬂ
field of jluud w/ constant densﬂﬂ

Then |, F-87 is the rakoj flow ( mass per unit hime) per umt area .

If Plxo.yor2) is a point in the fluid and B, be a small ball w/ center F, and very small

radius a .
Then div FP) = div F(P) for al poirts in B, since divF is continuous .

Then we can oPProxlmaie the flux over the boundarg sPhere % as follows :

”m m i AV = mama,) v = ) [[[1av - dinFlR). ViR

S Ba Ba Ba

The aPProximoh"ons becomes befter as a =0 and suﬂgesis that :

div %) - lim ”’F’.aé’
a0 V(Ba) 5
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o I says that div F(Ps) is the nel rafe oj outward j\ux per unit volume at % . (Hence the

name divergence ).

If div Fit) >0, the net jlow is outward near P and P i5 called a source .
If div F(R) <0, the net flow is nward near P and P is colled a sinK .
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